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Abstract 

We prove a completeness result for Multiplicative Exponential Linear Logic (MELL): we show that 
the relational model is injective for MELL proof-nets, i.e. the equality between MELL proof-nets in the 
relational model is exactly axiomatized by cut-elimination. 

In the seminal paper by Harvey Friedman m, it has been shown that equality between simply-typed 
lambda terms in the full typed structure Mx over an infnite set X is completely axiomatized by /3 and 77 : 
we have Mx ^ v = u ^ v u. A natural problem is to know whether a similar result could be obtained 
for Linear Logic. 

Such a result can be seen as a “separation” theorem. To obtain such separation theorems, it is a 
prerequesite to have a “canonical” syntax. When Jean-Yves Girard introduced Linear Logic (LL) [12], he 
not only introduced a sequent calculus system but also “proof-nets”. Indeed, as for LJ and LK (sequent 
calculus systems for intuitionnistic and classical logic, respectively), different proofs in LL sequent calculus 
can represent “morally” the same proof: proof-nets were introduced to find a unique representative for these 
proofs. 

The technology of proof-nets was completely satisfactory for the multiplicative fragment without units0 
For proof-nets having additives, contractions or weakenings, it was easy to exhibit different proof-nets that 
should be identified. Despite some flaws, the discovery of proof-nets was striking. In particular, Vincent 
Danos proved by syntactical means in |3] the confluence of these proof-nets for the Multiplicative Exponential 
Linear Logic fragment (MELL). For additives, the problem to have a satisfactory notion of proof-net has 
been addressed in [15]. For MELL, a “new syntax” was introduced in [4]. In the original syntax, the following 
properties of the weakening and of the contraction did not hold: 

• the associativity of the contraction; 

• the neutrality of the weakening for the contraction; 

• the contraction and the weakening as morphisms of coalgebras. 

But they hold in the new syntax; at least for MELL, we got a syntax that was a good candidate to deserve 
to be considered as being “canonical”. Then trying to prove that any two (ry-expanded) MELL proof-nets 
that are equal in some denotational semantics are /3-joinable has become sensible and had at least the two 
following motivations: 

• to prove the canonicity of the “new syntax” (if we quotient more normal proof-nets, then we would 
identify proof-nets having different semantics); 

• to prove by semantics means the confluence (if a proof-net reduces to two cut-free proof-nets, then 
they have the same semantics, so they would be /3-joinable, hence equal). 

^For the multiplicative fragment with units, it has been recently shown M that, in some sense, no satisfactory notion of 
proof-net can exist. Our proof-nets have no jump, so they identify too many sequent calculus proofs, but not more than the 
relational semantics. 
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The problem of injectivitij^oi the denotational semantics for MELL, which is the question whether equality in 
the denotational semantics between (ry-expanded) MELL proof-nets is exactly axiomatized by cut-elimination 
or not, can be seen as a study of the separation property with a semantic approach. The first work on the 
study of this property in the framework of proof-nets is |16] where the authors deal with the translation into 
LL of the pure A-calculus; it has been studied more recently for the intuitionistic multiplicative fragment of 
LL [T7] and for differential nets [TB]. For Parigot’s A/r-calculus, see [5] and pB] , 

Finally the precise problem of injectivity for MELL has been adressed by Lorenzo Tortora de Falco in his 
PhD thesis [53] and in [53] for the (multiset based) coherence semantics and the multiset based relational 
semantics. He gave partial results and counter-examples for the coherence semantics: the (multiset based) 
coherence semantics is not injective for MELL. Also, it was conjectured that the relational model is injective 
for MELL. We prove the conjecture in the present paper. 

In [24] ■ a proof of the injectivity of the relational model is given for a weak fragment. But despite many 
efforts [18], [20]...), all the attempts to prove the conjecture failed up to now. New progress 

was made in [5], where it has been proved that the relational semantics is injective for “connected” MELL 
proof-nets. Still, there, “connected” is understood as a very strong assumption, the set of “connected” MELL 
proof-nets contains the fragment of MELL defined by removing weakenings and units. Actually [5] proved 
a much stronger result: in the full MELL fragment two proof-nets R and R' with the same interpretation 
are the same “up to the connections between the doors of exponential boxes” (we say that they have the 
same LP^ - see Figures [T] [5] and [5] for an example of three different proof-nets having the same LPS). We 
wrote: “This result can be expressed in terms of differential nets: two cut-free proof-nets with different LPS 
have different Taylor expansions. We also believe this work is an essential step towards the proof of the full 
conjecture.” Despite the fact we obtained a very interesting result about all the proof-nets (i.e. also for 
non-“connected” proof- net^, the last sentence was a bit too optimistic, since, in the present paper, which 
presents a proof of the full conjecture, we could not use any previous result nor any previous technic/idea. 

The result of the present paper can be seen as 

• a semantic separation property in the sense of mi 

• a semantic proof of the confluence property; 

• a proof of the “canonicity” of the new syntax of MELL proof-nets; 

• a proof of the fact that if the Taylor expansions of two cut-free MELL proof-nets into differential nets 
[To] coincide, then the two proof-nets coincide. 

Let us give one more interpretation of its signifance. First, notice that a proof of this result should consist 
in showing that, given two non /3-equivalent proof-nets R and R', their respective semantics |i?]| and |i?']| 
are not equal, i.e. |i?] \ |i?'] ^ 0 or |i?'] \ |i?]| ^ 00 But, actually, we prove something much stronger: we 
prove that, given a proof-net R, there exist two points a and /3 such that, for any proof-net i?', we have 
{a,/3}C R'. 

Now, the points of the relational model can be seen as non-idempotent intersection type^ (see [6] and [7] 
for a correspondance between points of the relational model and System R - System R has also been studied 
recently in m- And the proof given in the present paper uses the types only to derive the normalization 
property; actually we prove the injectivity for cnt-free proof-nets in an nntyped framework^ substituting the 

^The tradition of the lambda-calculus community rather suggests the word “completeness” and the terminology of category 
theory rather suggets the word “faithfulness”, but we follow here the tradition of the Linear Logic community. 

^The LPS of a proof-net is the graph obtained by forgetting the outline of the boxes but keeping the auxiliary doors. 

^and even adding the MIX rule 

^The converse, i.e. two /3-equivalent proof-nets have the same semantics, holds by definition of soundness. 

^Idempotency of intersection (o Pi o = a) does not hold. 

^For cut-free proof-nets, types guarantee that they are not cyclic as graphs - instead of typing, it is enough to assume this 
property. Our proof even works for “non-correct” proof-structures (correctness is the property characterizing nets corresponding 
in a typed framework with proofs in sequent calculus): we could expect that if the injectivity of the relational semantics holds 
for proof-nets corresponding with MELL sequent calculus, then it still holds for proof-nets corresponding with MELL-j-MIX 
sequent calculus, since the category Rel of sets and relations is a compact closed category. m assuming correctness substituted 
in the proof the “bridges” of [9] by “empires”. 
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assumption that proof-nets are typed by the assumption that proof-nets are normalizable does not change 
anything to the proofl^ In [8] , we gave a semantic characterization of normalizable untyped proof-nets and 
we characterized “head-normalizable” proof-nets as proof-nets having a non-empty interpretation in the 
relational semantics. Principal typings in untyped A-calculus are intersection types which allow to recover 
all the intersection types of some term. If, for instance, we consider the System i? of [B] and [7] , it is enough 
to consider some injective 1-pom^ to obtain the principal typing of an untyped A-term. But, generally, for 
normalizable MELL proof-nets, injective k-points, for any fc, are not principal typings; indeed, two cut-free 
MELL proof-nets having the same EPS have the same injective A:-points for any fc € N. In the current 
paper we show that a 1-point and a k-injective poin^^ together allow to recover the interpretation of any 
normalizable MELL proof-net. So, the result of the current paper can be seen as a first attempt to find a 
right notion of “principal typing” of intersection types in Linear Logic. As a consequence, normalization by 
evaluation, as in m for A-calculus, finally becomes possible in Linear Logic too. 

Section [T] formalizes PS’s (our cut-free proof-nets). Section [2] gives a sketch of our algorithm leading 
from |i?]| to the rebuilding of R. Section [3] describes more precisely one step of the algorithm and states our 
theorem (Theorem [3]) : |i?]| = R R', where ~/3 is the reflexive symmetric transitive closure of the 

cut-elimination relation. 

Notations. We denote by e any empty sequence. If a is a sequence {ai,... ,an), then oq : ct denotes the 
sequence {ao,... ,an); otherwise, it denotes the sequence {a, a) of length 2. The set of finite sequences of 
elements of some set £ is denoted by £^°°. 

A multiset f of elements of some set £ is a function £ —>■ N; we denote by Supp{f) the support of / i.e. 
the set {e € £; /(e) 0}. A multiset f is said to be hnite if Supp{f) is finite. The set of finite multisets of 

elements of some set £ is denoted by Mfin{£). 

If f is a function £ ^ £', Xq G £ and y € £', then we denote by f[xo i—>■ y] the function £ ^ £' defined 

/N{ f) lltZ 

1 Syntax 

We introduce the syntactical objects we are interested in. As recalled in the introduction, simple types 
guarantee normalization, so we can limit ourselves to nets without any cut. Correctness does not play any 
role, that is why we do not restrict our nets to be correct and we rather consider proof-structures {PS’s). 
Since our proof is easily extended to MELL with axioms, we remove them for simplicity. Moreover, since it 
is convenient to represent formally our proof using differential nets with boxes {differential PS’s), we define 
PS’s as differential PS’s satisfying some conditions (Definition [S]). More generally, differential o-PS’s are 
defined by induction on the depth: Definition [T] concerns what happens at depth 0. 

We define the set T of types as follows: T ::= 1 | _L| (T 0 T) | (T ^ T) | !T | ?T. We set T = {(g), 

1, _L,!, ?, o}. Pre-contractions (o-ports) are an artefact of our inductive definition on the depth and are used 
to ensure the canonicity of our syntactical objects (see Example ED- 

Definition 1. A differential ground-structure is a 6-tuple Q = (W.VJ.t.C, T), where 

• V is a finite set; the elements ofV{G) o-re the ports of Q; 

• I is a function V T;the element l{p) of% is the label of p in G; 

• yV is a subset of {p G V; l{p) ^ o}; the elements of W(G) cire the wires of G; 

® Except that we have to consider the atomic subset of the interpretation instead of the full interpretation (see Remark [^. 

®An injective k-point is a point in which all the positive multisets have cardinality k and in which each atom occurring in 
it occurs exactly twice. 

^®The reader should not confuse k-injective points with injective k-points. k-injective points are points in which every positive 
multiset has cardinality k^ for some j > 0 and, for any j > 0, there is at most one occurrence of a positive multiset having 
cardinality k^ - they are obtained by k-injective experiments (see our Definition!^. 
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• t is a function W —>■ {p S V\l(p) ^ {1,_L}} such that, for any port p of Q, we have {l{p) G {0, 

Card({w G W;t(w) = p}) = 2); if t{w) = p, then w is a premise of p; the arity ag(j)) of p is the 
number of its premises; 

• Cis a subset of{w G W; l{t{w)) G {(8), ^}} such that (Vp S V) {l{p) G {(8), ^ Card {{w G £; t{w) = p}) 

1); if w G C s.t. t(w) = p, then w is the left premise of p; 

• and T is a function 7^ —>■ T such that, for any p G V, 

- ifKp) C {1,-L}, then T{p) = l{p); 

- if I{p) = ® (resp. l{p) = ‘^), then, for any wi G W fl £ and any W 2 G W \ £ such that 
t{wi) =p = t{w 2 ), we have T{p) = {T{wi) (8) T{w 2 )) (resp. T{p) = {T{wi) ^ T{w 2 ))); 

- ifl{p) = !, then {3C G T)(7(p) = IC A (Vw e W){t{w) = p ^ T{w) = C)); 

- and ifl{p) G {o,?}, then (3(8 S T) (7(p) = TC A (Vw e W){t{w)=p^ T{w) = C)). 

FFe set W(g) = W, V{Q) =V,lg = I, tg = t, C{g) = C, Tg = 7 The set V\g) =V\W is the set of 

conclusions of g. For any t G%, we set P*{g) = {p GV', l{p) = t}; we set V'^{g) = V®{g) U V^{g); the set 

V^{g) of exponential ports of g is V'{g) U {Q) U V°{g). 

A ground-structure is a differential ground-structure g s.t. im[tg) fl (V'fg) CV°{g)) = 0. 

Notice that, for any differential ground-structure g, we have 'P°{g) C V^g). 

Example 1. The ground-structure g defined by: W{g) = {P 3 ,P 4 , Ps}; 7(^7) = {pi,...,p 5 }; lg(j>i) = -L, 
lg{P 2 ) = IgijPs) = ? = lg{pA), lg{Pb) = 1; tgijps) = P 2 = tg{p4), tg{p^) = pa; C{g) = {ps}; and 

Tg{pi) = -L, Tg(p 2 ) = (?1 ^ ?1), 7g(p3) = ?1 = Tg{pA), Tg{pb) = 1; is the ground-structure of the content 

of the box oi of R (the leftmost box of Figure[^. 

The content of every box of our differential o-PS’s is a o-PS: every !-port inside is always the main door 
of some box. 

Definition 2. For any d G N, we define, by induction on d, the set of differential o-PS of depth d (resp. the 
set of o-PS of depth d). A differential o-PS of depth d (resp. a o-PS of depth dj is a 4-tuple S = {g, Bg, B, b), 
where 

• g is a differential ground-structure (resp. a ground-structure); 

• Bg G {p G V'ig); ag{p) = 0} (resp. Bg = V'[g)) and is the set of boxes of S at depth 0; 

• B is a function that associates with every o G Bg a o-PS B{o) = {g{B{o)), Bg{B{o)), Bb(o), bB(o)) of 
depth < d that enjoys the following property: if d > 0, then there exists o G Bg s.t. B(o) is a o-PS of 
depth d — the \-port o is the main door of the box B[o); 

• and b is a function that associates with every o G Bg a function b{o) : V^{g{B{o))) -G {o}UV' {g)U'P° {g) 

such that (resp. V°{g) C im(h(o)) and), for any o G Bg, 

- Ho)\'po(g(B{o))) injectiv^ (resp^ Ko)\v°{g{B{o))) = id-p-(g(B(o)))); if d = &(o)(p) with p G 
V° (g{B{o))) , then we set qs^o = p; 

- oG im{b{o)) and im{b{o)\Bo^g;^B{o)))) = 0; 

- for any p G dom{b{o)) n V°{g{B r{o))) , we have Tg{b{o){p)) = Tg(B(o)){p); 

- for anypG dom{b{o)) \V°[g{B r{o))) , we have Tg{b{o){p)) G {^Tg;B(o)){p),'-Tg;B(o)){p)}; 

one cannot (pre-)contract several o-ports of the same box. 

^^This stronger condition on o-PS’s is ad hoc, but it allows to lighten the notations. 
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Figure 3: O 2 (“old syntax”) Figure 4: PS N 


(resp. moreover no p € V{Q) is a sequence]^. For any differential o-PS S = {Q, So, B, b), we set G{S) = G, 
So(S') = So and B{S) = Bo{S) U lJogg|j(- 5 ){o;o’; o' G B{Bs{o))} is the set of boxes of S. We denote by Bs 
the extension of the funetion B that associates with each 0 : 0 ’ G B{S), where o G Bo{S), the o-PS BBg(o){o'). 
We denote by bs the extension of the function b that associates with each 0 : 0 ’ G B{S), where o G Bo{S), the 
function 6 ^ 3 ( 0 )(o'). 

We set >Vo(S') = W(t/(5')) and VoiS) = V{GiS)); the elements ofVoi^S) (resp. ofyVo{S)) are the ports 
of S at depth 0 (resp. the wires of S at depth Oj. For any Z e TU {m, e}, we set VdS) = 'P^{G{S)). We set 
pf{S) = r^{G{S)), V({S) = V°{G{S)) and Vi{S) = V\S)\Vi{S); the elements ofV\S) are the conclusions 
of S and the elements of V({S) are the o-conclusions of S. For any relation P G {>,=,<} on N, for any 
iGN, we set S^'(S) = {o e So(S'); depth{Bsio))Pi} and S^*(S') = {o e S(S'); depth{Bs{o))Pi}. 

PS’s are the MELL proof-nets studied in the present paper: there is no cut and no assumption of 
correctness property. 

Definition 3. A PS is a o-PS R such that P(,{R) — 0. 

Example 2. Consider the PS R of Figure We have Bo{R) = {01,02,03,04}, S(i?) = {oi, 02, 03, 04, 
(02,0), (02,0'), (04,0), (04,0')}, B=°(R) = (oi, (02,0), (02,0'), 03, (04,0), (04,0')}. We have &ij(o2)(o) = ps, 
bR{o 2 ){pi) = Pi, bR{o 2 ){pe) = Pe and 6 _r(o 2 )(o') =pt. 

Example 3. In order to understand the role of the o-ports, consider how the proof-nets Oi (Figure\^ 
and O 2 (Figure\^ in the “old syntax” (we denoted derelictions, contractions and auxiliary doors of the “old 
syntax” by d, c and a, respectively) are represented by the same PS N (Figure^. Roughly speaking, in our 
formalism, one pre-contracts (using o-ports) as soon as possible and one contracts (using 1-ports) as late as 
possible. 

We write Rc± R' (resp. R = R') if R and R' are the same differential PS’s up to the names of their ports 
(resp. that are not conclusions): 

Definition 4. An isomorphism ip : G — G' oi ground-structures is a structure-preserving bijection Vo{G) — 
Vq(G'). We define, by induction on depth{R), when (p : R R' holds for two differential o-PS’s R and R': 
it holds whenever ip is a pair {ipg, i<Po)oeBoiR)) FQ ■ — S{R'), Bq{R') = Irnipg \'p'. i^r)) and, for any 

o G Bq{R), ipo : Br{o) cs BR>{(pg{o)) and (Vq € V^BRiofObR/{(pg{o)){G{(po){q)) = (pg{bR{o){q)). We set 
Gip) = p>g and, for any o G Bo{R), ip(o) = ipo- We write ip : R = R' if ip : R R' s.t. G(}p)\'pf[R) = id-pqR). 

'^^This condition on o-PS’s is ad hoc, but it allows to simplify Definition (9] 
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We write R R' (resp. R = R') if there exists ip s.t. : i? ~ i?' (resp. ip : R = R'). 

The arity an^q) of a port q in a differential o-PS R is computed by “ignoring” the o-conclusions of the 
boxes of R: 

Definition 5. Let R he a differential o-PS. We define, hy induction on depth(R), the integers aji{q) for 
any q e Vo{R) and cosize{R): we set au{q) = ag(ii){q)-\- J^oeBoiR) Card{{p e P^,{Bn{o));bn{o){p) = q}) + 
o^BoiR) o,Ba(o)iqR.o) and cosize{R) = max({ai{(p);p e Po{R)} U {cos* 2 :e(-B_R(o)); o e So(^^)})- 

Example 4. We have anipe) = 4 (and not 2) and cosize{R) = 4 (see Figure\ffj. 

2 Experiments and their partial expansions 

When Jean-Yves Girard introduced proof-nets in |12) . he also introduced experiments of proof-nets. Exper¬ 
iments (see our Definition El) are a technology allowing to compute pointwise the interpretation |iij| of a 
proof-net R in the model directly on the proof-net rather than through some sequent calculus proof obtained 
from one of its sequentializations: the set of results of all the experiments of a given proof-net is its interpre¬ 
tation |i?]. In an untyped framework, experiments correspond with type derivations and results correspond 
with intersection types. 

Definition 6 . For any C €T, we define, by induction on C, the set IC]; |1] = {*} = |T]; [(Ci ® (72)] = 
ICil X [C 2 ] = [(Cl ^C2)]; pC] = Mfinm) = PC]. 

Let R be a differential o-PS. We define, by induction on depth{R), the set of experiments of R: it is 
is the set of triples {R,e'p,eB), where e-p is a function that associates with every p G Po{R) an element of 
|T 0 (/j)(p)| and eg is a function which associates to every o € Bo{R) a finite multiset of experiments of Bii{o) 
such that 

• for any p £ 'P(fi{R), for any wi,W 2 G Wo{R) such that tg(^fi){wi) = p = wi G C{Q{R)) and 

W 2 ^ C,{Q{R)), we have ep{p) = {ep{wi),ep{w 2 )); 

• for anyp G V§{R), we have e{p) = Y. w^Wo(R) bv{w)]+Yo&Bo(R) Ee'eSupp(ee(o)) (EgeP:(B„(o)) eB(o)(e')- 

tg(R)W)=P bR(o){q)=p 

Wviq)] + YqeP(iBn(o)) eB(o)(e') • e'p{q)). 

bR(o){q)=p 

For any experiment e = {R,ep,e] 3 ), we set V(e) = ep and B{e) = eg. We set |i?| = {F{e)\j,ff^^y, 
e is an experiment of R}. 

We encode in a more compact way the “relevant” information given by an experiment via pseudo¬ 
experiments and the functions 

Definition 7. For any differential o-PS R, we define, by induction on depth{R), the set of pseudo¬ 
experiments of R: it is the set of functions that associate with every o G Bq{R) a finite set of pseudo¬ 
experiments of Bp{o) and with e a pair {R,m) for some m G N. 

Given an experiment e of some differential o-PS R, we define, by induction on depth{R), a pseudo¬ 
experiment e of R as follows: e(e) = (Rff) and e(o) = U/eSiipp(B(e)(o)) {/[£ !-)> (Bfi(o),p];l < i < 
^(e)(o)(/)} for any o G Bo{R). 

Given a pseudo-experiment e of a differential o-PS R, we define, by induction on depth{R), the function 
: B{R) —>■ as follows: for any o G Bq{R), e'^(o) = {Card{e{o))} and, for any o' G B{Bfi{o)), 

e#(o.-o0 =Ue'Ge(o) e''^(o'). 

There are different kinds of experiments: 
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• In [24) . it was shown that given the result of an injective k-obsessional experiment (k big enough) 
of a cut-free proof-net in the fragment A ::= X\1A ^ A\A ^ 1A\A ® A\IA, one can rebuild the entire 
experiment and, so, the entire proof-net. There, “injective” means that the experiment labels two 
different axioms with different atoms and “obsessional” means that different copies of the same axiom 
are labeled by the same atom. 

• In [S], it was shown that for any two cut-free MELL proof-nets R and R\ we have LPS{R) = LPS{R') 
iff, for k big enougI0, there exist an injective k-experiment of R and an injective k-experiment of R' 
having the same result; as an immediate corollary we obtained the injectivity of the set of (recursively) 
connected proof-nets. There, “injective” means that not only the experiment labels two different 
axioms with different atoms, but it labels also different copies of the same axiom by different atoms. 
Given some proof-net i?, there is exactly one injective /c-experiment of R up to the names of the atoms. 

• In the present paper we show that, for any two PS’s R and R', given the result a of a k-injective 
experiment of R for k big enough, if a G |.Rl) then R' is the same PS as R. The conditions on k 
are given by the result of a I-experiment, so we show that two (well-chosen) points are enough to 
determine a PS. The expression “fc-injective” means that, for any two different occurrences of boxes, 
the experiment never takes the same number of copies: it takes k^^ copies and k^'^ copies with ji ^ 

(a contrario, in [24] and [S], the experiments always take the same number of copies). As shown by 
the proof-net S of Figure 1101 it is impossible to rebuild the experiment from its result, since there 
exist four different 4-injective experiments 61 , 62,63 and 64 such that, for any i G {1,2, 3,4}, we have 
^i{p) = (*i *)i 6 i(oi) = [*, *, *, *] and ei{p') = [[ *,. , *J ,..., [ *,. , *J ]. For instance Ci takes 4 copies 

42 46 

of the box oi and 16 copies of the box 02 , while 62 takes 4 copies of the box oi and 64 copies of the 
box 02 . 

Definition 8 . Let k > 1. A pseudo-experiment e of a o-PS R is said to be fc-injective if 

• for any o G B{R), for any m G e^(o), there exists j > 0 such that m = k^ ; 

• for any o G Bo{R), for any o' G B{Br{o)), we have (Vei, 62 G 6 ( 0 )) (ei^(o') fl e 2 ^{o') 7 ^ 0 => ei = 62 ); 

• and, for any 01,02 G B{R), we have ( 6 ^(oi) fl 6 ^( 02 ) 7 ^ 0 oi = 02 ). 

An experiment e is said to be fc-injective ife is k-injective. 

Example 5. There exists a 10-injective pseudo-experiment f of the proof-net R of Figure [I] such that 
f*i0,) = {10223}, /#(02) = {10}, /#(03) = {10224}, f#(o^) = {100}, /#((o 2 ,o)) = {103, . . . , 10l2}, 
/#(( 02 , o')) = {1043, . . . , 1022}, /#((04, o)) = {1023, . . . , 10122} and /#((04, o')) = {10l23, . . . , 10222}. 

In , the interest for injective experiments came from the remark that the result of an injective experi¬ 
ment of a cut-free proof-net can be easily identified with a differential net of its Taylor expansion in a sum of 
differential nets |10j (it is essentialy the content of our Lemma[T|). Thus any proof using injective experiments 
can be straightforwardly expressed in terms of differential nets and conversely. Since this identification is 
trivial, besides the idea of considering injective experiments instead of obsessional experiments, the use of 
the terminology of differential nets does not bring any new insighlF^. it just superficially changes the presen¬ 
tation.That is why we decided in to avoid introducing explicitely differential nets. In the present paper, 
we made the opposite choice for the following reason: the algorithm leading from the result of a fc-injective 
experiment of R to the entire rebuilding of R is done in several steps: in the intermediate steps, we obtain a 
partial rebuilding where some boxes have been recovered but not all of them; a convenient way to represent 

44 Interestingly, m, following the approach of [9], showed that, if these two proof-nets are assumed to be (recursively) 
connected, then we can take k = 2. 

^^For proof-nets with cuts, the situation is completely different: the great novelty of differential nets is that differential nets 
have a cut-elimination; the differential nets appearing in the Taylor expansion of a proof-net with cuts have cuts, while the 
semantics does not see these cuts. But the proofs of the injectivity only consider cut-free proof-nets. 
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Figure 5 : T(/)[ 0 ] 


this information is the use of “differential nets with boxes” (called “differential PS’s” in the present paper). 
Now, the differential net representing the result and the proof-net R are both instances of the more general 
notion of “differential nets with boxes”. 

The rebuilding of the proof-net R is done in d steps, where d is the depth of R. We first rebuild the 
occurrences of the boxes of depth 0 (the deepest ones) and next we rebuild the occurrences of the boxes of 
depth 1 and so on... This can be formalized using differential nets (with boxes) as follows: if e is an injective 
experiment of R, then R (e) [i] is the differential net corresponding with e in which only boxes of depth > i 
are expanded!^ so T(e)[0] is (essentially) the same as the result of the experiment and T(e)[d] = R; the first 
step of the algorithm builds T(e)[l] from T(e)[0], the second step builds T(e)[2] from T(e)[l], and so on... 
We thus reduced the problem of the injectivity to the problem of rebuilding T(e)[f -|- 1] from T(e)[i] for any 
A:-injective experiment e {k big enough). 

Definition 9. Let R be a o-PS of depth d. Let e be a pseudo-experiment of R. Let f G N. We define, by 
induction on d, a differential o-PS T{e)[i] = le,i, te,i, C,e,i)i Be,i, Be,i, be,i) of depth min{i, d} s.t. 

Vf{R) = V\T{e)[i]) and {Mp G V\R))lg(^ji){p) = 'lg(T{e)[i]){p) as follows: we set Ueiee(oi) 

{(oi,ei) :p-,p G 

• We.z = >Vo(i?) U and Ve,^ = Vo{R) 


/ M = / ^‘3{R){p) ifp&'PoiR); 

* ^ \ leiAp') ^fP = (oiWi) ■ P' with oi G B^\R); 

• tg^i is the extension oftg^^ji'f that associates with each (oi,ei) : w' G We,z; where Oi G B^^{R), the port 

( (oi,ei) : tei,z(w') ifw' G Wei,i and te^,i{w') ^ T’^(.B_r(oi)); 

\ bR{oi){te^,i{w')) ifw' G Wei,i and te-,,i{w') G ViiBRioi)); 

y bR{oi){w') 'ifw'€'Pt{BR{oi)); 


• Ce,i = B{g{R)) U UeiGe(oi){(0l> ei) : p-,p e 

• Bg^i = Bq {R) U lJoieZ3^‘(fl) UeiGe(oi){ ®l) • ® O G Bg^A 

, B (o) = i */oG6o<n^); 

1 i?ei,i(o') if 0 = (oi,ei) : o' with oi G B^\R); 


is the extension o/6fl;|g< 
(oi,ei) : 6 ei 


function p i—^ 


^{0'){P) 


that associates with each (oi,ei) : o' G Bg^i, where oi G BA{R), the 

i{o'){p) j/&ei.i(o')(p) iBi{BR{.oi)); 

ifbg,Ao'){p) e VoiBRioi)). 


Boxes of depth > i are boxes whose content is a proof-net of depth > i] the reader should not confuse boxes of depth > i 
with boxes at depth > i. 





Example 6. If f is a pseudo-experiment of the proof-net R of Figure [7] with like in Example [21 then 
Figures\^ and\^ represent respectively T(/)[0] and T(/)[l]. 

The injectivity of the relational semantics for differential PS’s of depth 0 is trivial (one can proceed by 
induction on the cardinality of the set of ports). Since |T(e)[0]] = one can easily identify the 

result of an experiment e with the differential net T(e)[0]: 

Lemma 1. Let R and R' be two o-PS’s such that V^{R) = V\R'). Let e be an experiment of R and let e' 
be an experiment of R' such that Then T(e)[0] = T(e')[0]. 

Now, the following fact shows that if we are able to recover T{e)[depth{R)] from T(e)[0], then we are 
done. 

Fact 2. Let R be a o-PS. Let e be a pseudo-experiment of R. Then T{e)[depth{R)] = R. 

If e is a fc-injective experiment of i?, then, for any i G N, there exists a bijection : u 
e*{o)} ~ iPo(T(e)[i]) \ Bo{T{e)[i\) such that, for any j e dom(!ey), we have (ar(e)[i]°!e,i)(j) = kF In Sub¬ 
section [3111 we will show how to recover ^ ^^(o)} from T(e)[0]. There are two kinds 

of boxes of T{e)[i 1] at depth 0: the “new” boxes of depth i and the boxes of depth < i, which are the 
“old” boxes (i.e. that already were in T(e)[i]) that do not go inside some “new” box: 

Fact 3. Let R be a o-PS. Let e be a pseudo-experiment of R. Let * € N. Then we have 

• B<\T{e)[i + 1]) = So(r(e)[i]) n VUT{e)[i + 1]); 

• '®T(e)[z+l] = ^r(e)[i] 

• V(e)[z+1] = ^T(e)[i] |g<i(-7-(e)[i+i])- 

The challenge is the rebuilding of the “new” boxes at depth 0 of depth i. 


3 From T{e)[i] to T{e)[i + 1] 

3.1 The outline of the boxes 

In this subsection we first show how to recover the set ™ ^ therefore, the set 

'Po(T(e)[i]) \6o(T(e)[j]) (Lemma S]). Next, we show how to determine, from T{e)[i], the set S(f*(T(e)[j-|- 1]) 
of “new” boxes and, for any such “new” box o G BQ^{T{e)[i + 1]), the set im(67-(g)[j_|_i] (o)) of exponential 
ports that are immediately below (Proposition [5]). In particular, we have BQ^{T{e)[i + I]) = im(!ey 
where the set Afi{e) C N is defined from the set Mo{e) of the numbers of copies of boxes taken by the 
pseudo-experiment e: 

Definition 10. Let R be a differential o-PS. Let k > 1. Let e be a k-injective pseudo-experiment of R. For 
any i we define, by induction on i, A4i(e) C N\{0} and (mi ^ (e))jgN S {0,..., fc—I}^ as follows. We set 
Mo(e) = U o&B(R){j S N; fc-l G e^(o)} and we write Card{A4i(e)) in base k: Card(Mi(e)) = ! 

we set Mi+i{e) = {j > 0;mij(e) ^ 0}. 

For any i G N, we set A/i(e) = Aii{e) \ A4i+i{e). 
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Notice that all the sets A 4 i(e) and A/i(e) can be computed from T(e)[0], since we have A 4 o(e) = 
{aT(e)lo](p); P € i^o(T(e)[0])}. 

Example 7. If f is a 10 -injective pseudo-experiment as in Example[^ then 7 Vdo(/) = 224}. We 

have CardiMoif)) = 4 + 2 • 10^ + 2 • 10 ^, hence M.i(f) = {1,2} and Moif) = (3, ...,224}. We have 
Card{Mi{f)) = 2 , hence M2U)=% and Mx{f) = { 1 , 2 }. 

The following lemma shows that, for any fc-injective pseudo-experiment e of R, for any i S N, the 
function \f.,i is actually a bijection Mi{e) — T’o(T(e)[i]) \ Bo(T(e)[i]) such that, for any j e we have 

(ar(e)[i] O '■T(e)[i\){j) = kE 

Lemma 4. Let R be a o-PS. Let k > Card{B{R)). For any k-injective pseudo-experiment e of R, for any 
iC'H, we have Mi{e) = G e e*{o)}, hence Ni{e) = [jo(^i3='(R)i3 G N; G e*{o)]. 

Example 8. (Continuation of Example}^ We thus have A4i(/) = {1,2} and T’o(T(/)[*]) \So(T(/)[l]) = 
{02,04} with a7-(/)[i](02) = 10^ and a7-(/)[i](04) = 10^ (see FigureWj). 

The set of “critical ports” is a set of exponential ports that will play a crucial role in our 

algorithm. 

Definition 11. Let S be a differential o-PS. Let k > 1 . For any p G Vo{S), we define the sequence 
{mkj{S){p))j^n G {0,... ,fc-l}” as follows: asip) = Y{,jciN'^k,jiS)(j>)-kP For any j G N, we set /Cfcj(S') = 
[p eVo{S);mk,jiS){p) ^ 0}nV{Q{S)) and, for any J C N, we .set JCk,jiS) = \Jj^j JCkjiS). 

Example 9. We have /Cio,i(5') = {pi,p4,p5,p6,4'7,02} and /Cio,2(S') = {P4,4'5,4'6,4'7,04}, where S is the 
PS of Figure\B So we have /Cio,{i,2} (S') = {pi,p4,P5,P6,P7, 02,04}. 

Critical ports are defined by their arities. We show that they are exponential ports that are immediately 
below the “new” boxes: 

Proposition 5. Let R be a o-PS. Let k > Card{B{R )), cosize{R). Let e be a k-injective pseudo-experiment 
of R and let f G N. Then we have B^®(T(e)[7 + 1]) = /m(!ey ). Furthermore, for any j G Mfe), we have 

/m(67-(e)[i4-i](!e,i(j))) = (T(e) [f]) and, if U,iij) ft- Bq^R), then there exist oi G and ei G e(oi) 

such that j G A/i(ei). In particular, we have K-k M(e)iTie)[i])cV§{T{e)[i + l]). 

Example 10. (Continuation of Example}^ We thus have |a7i(/)) “ {02,04}; and indeed 02 and 

04 are the boxes of depth 1 at depth 0 o/T(/)[2] = R (see Figure\^. Moreover we have /Cio,i(T(/)[l]) = 
{pi,P4,P5,Pq,P7,02} and/Cio,2(T(/)[l]) = {p4,P5,l'6,l'7, 04}; andindeed, in FigureU} we have im{hr{f)[2]{o2)) 
= {P1,P4,P5,P6,P7,02} and im{br(f)[2]io4)) = {p4,P5,P6,P7, O4}. 

As the following example shows, the information we obtain is already strong, but not strong enough. 

Example 11. The PS’s Ri, R2 and R3 of Figures}^ 0 and[P| respectively have the same LPS. But if we 
know that p G im{bii{oi)), then we know that R ^ i?3. Still we are not able to distinguish between Ri and 
i?2. 
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Figure 10: PS S 


Figure 11: PS i?' 





Figure 14: PS 

Figure 12: PS U Figure 13: PS T{e')[l] T 


3.2 Connected components 

In order to rebuild the content of the boxes, we introduce our notion of connected component (Definition [15]), 
which uses the auxiliary notions of substructure (Definition 1121) and connected substructure (Definition 1141) . 
A differential o-PS i? is a substructure of a differential o-PS S (we write i? C S') if i? is obtained from S by 
erasing some ports and wires. More precisely: 

Definition 12. Let R and S be two differential o-PS’s. Let Q C Vq{S). We write R Cg S to denote 
that 'Pq{R) C 'Po(S), Wo(S) = {w € Wo(S) D {Vq{R) \ Q);tg(s)(ui) G 'Po{R)}, lg{R) = ^G(S)|•p^(/{p ^Q{R) — 
^e(S)|w„(fl)’ e >Vo(S);tg(s)(u;) G V^{R)}, Tq^r) = Tg(s)\^^^^y BoiR) = Bo{S) n 

Vo{R), Bfi = Bs\fSg(^Rf and bn = bs\Bgi^Rj. We write R^ S if there exists Q such that R Cg S. 

Remark 1. Let R Q S and Q C VSiS). IFe have RQaSijfQn Vo{R) C V\R). 

Remark 2. If R, R' Cg S and Vq{R) = Vo{R'), then R — R'. 

Let us explain with the following example why we sometimes need to erase some wires (so the notion of 
Cg is not enough). 

Example 12. We need to erase some wires whenever there exist a box o and p,q G im{bn'{o)) such that 
tg(R')iq) = P- Consider, for instance, Figure [771 If e' is a k-injective pseudo-experiment of R', then we want 
to be able to consider the PS U of Figure [1^ as a substructure o/T(e')[l], so we need to erase the wire q; 
we thus have U E{p.,.o} r(e')[l]. 

The relation 05 formalizes the notion of “connectness” between two ports of S at depth 0. But be aware 
that, here, “connected” has nothing to do with “connected” in the sense of [5]: here, any two doors of the 
same box are always “connected”. 

Definition 13. Let S be a differential o-PS. We define the binary relation 05 on 'Po{S) as follows: for any 
p,p' G T’o(S), we have p 05 p' iff {p G Wo(S) and p' = te(S)(p)) or {p' G Wo(S) and p = tg(s)(V)) or 
((3o G BoiS)){p,p'} C im{bsio))). 

Definition 14. Let S and T he two differential o-PS’s. Let Q C Pq{S) such that T Cg S. We write 
T <g S if for any p,p' G Vo{T), there exists a finite sequence {po,... ,pn) of elements of Vq(T) such that 
Po = p, Pn = p' and, for any j G {0,..., n — 1}, we have pj 05 Pj+i and (pj G Q j = 0). 

Remark 3. If T S, Q! C Vf,{S) and Vq{T) n Q' C Q, then T <g/ S. 

The sets Sg{{Q, Qo)) of “components T of S above Q and Qo that are connected via other ports than 
Q and such that cosize{T) < k” will play a crucial role in the algorithm of the rebuilding of T{e)[i + 1] from 
T{e)[i]. The reader already knows that, here, “connected” has nothing to do with the “connected proof-nets” 
of [9| : there, the crucial tool used was rather the “bridges” that put together two doors of the same copy of 
some box only if they are connected in the LPS of the proof-net. 

Definition 15. Let fc G N. Let S be a differential o-PS. Let Q C Vq{S) and Qo C VoiS). We set 
( cosizelT) < k and P\T) C QU Qq and 'j 

< 55 ((Q, Qo)) = ^ —Q B; Vo{T) \ Q 0 and (Vp G 'Po{T)){iq G VoiS)) >. We write also Sg{Q) instead 

[ Up q and q ^Vo{T)) p € Q) J 

o/5|((Q,0)) andCHS)=SimiS),V:iS))). 
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A port at depth 0 of S' that is not in Q cannot belong to two different components: 

Fact 6. Let k G N. Let S he a differential o-PS. Let Q,Qo C Vq{S). Let T,T' G Sg((Q, Qo)) such that 
(VoiT) n VoiT')) \ Q ^ 0 . Then T = T'. 

Example 13. We have Card (Sg°({pi,p4,p5,p6,l'7, 02 })) = 241 and Card(Sg°({p 4 ,p 5 ,p 6 ,P 7 , 04 })) = 320, 
where S is the PS of Figure 

The operator ^ glues together several o-PS’s that share only o-conclusions: 

Definition 16. Let U he a set of o-PS’s. We say that U is gluable if, for any R,SgU s.t. Rf^S,we have 
Vo(,R)r\Po{S) C Vl{R)r\Vi{S). IfU is gluahle, thenY^U is the o-PS such thatVifY^^) = {j{Vi{R)-, R GU] 
obtained hy glueing all the elements oflA. 

The set C^{R) (for k big enough) is an alternative way to describe a o-PS R: 

Fact 7. Let R he a o-PS. Let k > cosize{R). We have R = ^C^(i?). 

Definition [T7] allows to formalize the operation of “putting a connected component inside a box”, which 
will be useful for building the boxes of depth i of T{e)[i-\-V\: from some hoxahle differential o-PS R C T{e)[i], 
we build a o-PS R such that, for some o G S(f®(T(e)[7 -I- 1]), there exists T G C^(i37-(e)[j_|_i](o)) such that 
T coiR. 

Definition 17. Let R he a differential o-PS. If V\R) C VS{R), V\R) f]Bo{R) = 0 and Vl{R)\Bo{R) C 
V^R), then one says that R is boxable and we define a o-PS R s.t. Vq^R) C Vq{R), Vli^R) C Wo{R) and 
pf(R) = pf{R) n Vo(R) as follows: 

• Vo(R) = Wo(i?) U UoeBo(fl)(™(^fl(o)) n r^{R)); 

• Wo(R) = {wG Wo{R);tg^R)H G Wo{R)} 

ml -('«'; = / ^S{R)ip) ifp€Wo{R); 
g{R)\P) o otherwise; 

• ^Q(R) = n Wo(-R); Bo{R) = Bo{R); % = bR. 

IfU is a set of boxable differential o-PS’s, then we set U = {i?; R G U}. 

In the proof of the following proposition, we finally describe the complete algorithm leading from T(e)[i] 
to T{e)[i -\- 1]. Informally: for every jo G Afi{e), for every equivalence class T G <S^i'^^^-j(/Ckjo(T(e)[i]))/^, if 
Card (T) = (with 0 < mj < k), then we remove mjg ■ k^° elements of T from Q{T{e)[i]) and we 

put TJijg such elements inside the (new) box !e,i(jo) of depth i. For every jo G A/i(e), the set Ujg of the proof 
is the union of the sets of such mjg elements for all the equivalence classes T e<S^(e)H(^F7o(r(e)W))/^. 

Proposition 8. Let R and R' be two PS’s. Let k > cosize{R), cosize{R'), Card{B{R)), Card{B{R')). Let 
e be a k-injective pseudo-experiment of R and let e' be a k-injective pseudo-experiment of R' s.t. T(e)[0] = 
T(e')[0]. Then, for any f S N, we have T(e)[i] = T{e')[i]. 

Proof. (Sketch) By induction on i. We assume that T(e)[i] = T{e')[i]. We set M = A4i{e) = Mi{e') and 
M = K{e)=M,{e'). 

Let S = T(e)[i]. There is a bijection ! : At —)• Po(S') \ Bo{S) such that, for any j G M, we have 
[o-S ° OO) = ■ For any j G M, we set ICj = ICk,j{S) and 7) = Sg{ICj). We set T = UjeNT?- For 

any T G T, we define (mj)jgi 4 e {0,...,fc —1}” as follows: Card ({T'e T; T = T'}) = YjeN'’^J ’ 

We set V = {p G VoiS)-, p ^ UjeA^U -p g S^{}Cj) i ^ Siven Uj C Tj such 

that, for any T G Tj, we have Card ({T' GUj-,T' = T}) = mJ. Let S' be some differential PS such that 
GiS\v) E 0 GiS') Eg GiS), where S'|-p is the unique So E 0 S' s.t. Po(5'o) = T, and: 
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• UjoeA^"^io — UjogA^Tjo 

• for any T GT,we have Card (^{T' G = ^}) = 

. So(y) = (6o(5)n7’o(^'))Uim(!|Ar) 

• for any oi G Bq{S) r\VQ{S'), we have 55 /( 01 ) = Bs{oi) and &s'(oi) = 65 ( 01 ) 

• for any j G A/", there exists : Bs'{l{j)) — Y^Uj such that 6 s'(!(j))(q) = 

/ e(p^)(9) */9€7 ^o'(/B5'(!(j))); 

I ie(S)(e(p^)(9)) */g€7^r(/B5'(!(j))). 

Then one can show that T(e)[i + 1] = 5" = T{e')[i + 1]. □ 

Example 14. Consider Figure\^ WesetjQ = l. ITe/lave 02 = !/,i(jo). ITe set 7)o = 5|-°^^j^j(/Cio,i(T(/)[l])). 
Let T be the o-PS of Figure\^ We have T eT. We have Card{{T' G T; T' = T}) = 1 • 10° + 1 ■ lOh ITe 
setUjg = {T}. The o-PS Y^jo = T is the o-PS of depth 0 that consists of only one port: the port p labelled 
by _L. There exists : 57-(/)[2](o2) ~ Y^^jo ^'^^h that 6r(/)[2](o2)(<72) = Pi = ^e(r(/)[i])(9) defined by 
Q{pP){q2) — q (see Figure\^. 

3.3 Injectivity 

Theorem 9. Let R and R' be two PS’s s.t. V^{R) = V\R'). If |-RJ| = |5']|, then R = R'. 

Proof. We set d = max{depth{RfL depth{R')}. For any k > 1, there exist a fc-injective experiment e of i? and 
a fc-injective experiment e' of R\^A such that e|pf( 5 .) = e'|pf(^/) G |i?]|n|5']|. By Lemma[Tl we have T(e)[0] = 
T(e')[0]. Therefore if fc > cosize{R), Card {B{R)), then, by Proposition [SJ we have ^(e))^] = T{e')[d\. Now, 
by Fact[2l we have R = T(e)[d] = T{e')[d] = R'. □ 

Remark 4. From any 1-point 0 /|i?]| (i.e. the result of some 1-experiment of R) one can recover cosize{R) 
and Card (B{R)). This remark shows that for characterizing R, two points are enough: a 1-point of its inter¬ 
pretation, from which one can bound cosize{R) and Card {B{R)), and a k-injective point of its interpretation 
with k > cosize{R), Card {B{R)). 

Remark 5. If we want to extend our theorem to PS’s with axioms, then we assume that the interpretation 
of any ground type is an infinite set and we consider a k-injective experiment e that is “injective” in the 
sense that every atom (the atoms are the elements of the interpretations of the ground types) occurring in 
//T7(e|-pf(5.)) occurs exactly twice. 

Remark 6 . In an untyped framework with axioms, we need to add the constraint on the injective k-injective 
point one considers to be iR^-atomic, i.e. a point of |i?] that cannot be obtained from another point of |i?] 
by some substitution that is not a renaming. Atomic points are results of atomic experiments (experiments 
that label axioms with atoms) - the converse does not necessarily hold. 
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A Proof of Lemma [4] 


Fact 10. Let R he a o-PS. Let k> 1. Let e he a k-injective pseudo-experiment of R. Then 


• for any o, o' € Bq{R), for any e! G e(o'), we have (Vj G Ato(e'))e^(o) ^ 

• and, for any 01,02 G Bq{R), for any ei G e(oi), for any 62 G 6 ( 02 ), we /lafe Ato(ei) H Ato(e 2 ) 7 ^ 0 => 

(oi = 02 a? 7 ,c? ei = 62). 

Proof. Let 0 , 0 ' G Bq{R) and let e' G e(o'). For any j G 7 Vdo(e'), there exists o" G B^Br^o')) such that 
y G e'^(o"). So, if there exists j G Mo{e') such that e^(o) = {y}, then there exists o" G B{R){o') such 
that e'^(o' : o") H e'^(o) 7 ^ 0; but, by the definition of k-injective experiment (Definition [5]), this entails that 
0 = 0 ' : o"; now, since e ^ B{Br{o")), we obtain a contradiction with the following requirement of the 
definition of o-PS’s (Definition [5]) : no p G 'P{Q{R)) is a sequence. □ 

Lemma 11. Let k > Card{B{R)). For any k-injective pseudo-experiment e of R, we have 

• if depth{R) < 1, then Adi(e) = 0 

• ™o,o(e) = Card{Bo{R)) 



• Mi{e) C Ado(e). 

Proof. The first item follows from the fact that if depth{R) = 0, then Card (Alo(e)) = 0 and if depth{R) = 1 , 
then Card {Mo(e)) = Card {B{R)) < k. 

We prove the three other items by induction on depth{R). We have: 

Card (Alo(e)) 

= Card I IJ {jGN;fc^ Ge#(o)} I 


oGSo(fl) 


Card ({j G G e’^(o)}) 


oGB(fl) 


Card ({j G N; F G e*{o)}) + 


Card {{j eN;y G e*{o : 0 ')}) 

■eSyiR) o'&B{Br(o)) 


o&Bo(R) 


Card (So(i?)) + {j G N; y G e'*{o')} 



Card (So(i?)) + E E E Card({jGN;F Ge'#(o')}) 


o&By(R) o'eB(Bji{o)) e'Ge(o) 


Card {Bq{R)) + E E E (L G N; y G e'^(o')}) 


oeByiR) e'ee(o) o'&B(Br{o)) 


Card (So(i?)) + {j G N; y G e'*{o')} 



(since (Vo G Sy^(i?))(Ve' G e(o))(Vo' G B{Bfi{o)))e''^(o') C e^(o : o')J 
Card ( 60 ( 1 ?)) + E E Card (Ado(e')) 
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Card (So(i?)) + ^ ^ (TOo,o(e') + X! '^o.j{e') ■ k^) 


e'ee(°) ieA^i(e') 


ieA^i(e') 


Card(So(i?))+ ^ 51 (Card (So(Sfl(o))) + mo,j{e’) ■ k^ 


oeB}^{R) e'ee(o) 

(by the induction hypothesis) 


jSMiie') 


Card (So(-R)) + 5^ (Card (So(Sfi:(o))) ■ Card (e(o)) + 5] 5] mojie') ■ k^) 


oeB}\R) 


e'Ge(o) (e') 


Card(So(i?))+ 51 Card (So(Sfl(o)))-Card (e(o)) + E E E "io.,(e')-fc^ 


oeBf\R) 


oeBf^{R) e'ee(o) 


(by the first item). 


By the induction hypothesis, for any o G Bo{R), for any e' G e(o), we have Adi(e') C Mo{e'), hence, by 
Fact [TUI 

• for any o G Bq{R), for any o' G Bq{R), for any e' G e(o'), we have (Vj G A4i(e'))e^(o) ^ {k^}', 

• and, for any 01,02 G Bo{R), for any ei G e(oi), for any 62 G 6 ( 02 ), we have Adi(ei) Cl Adi(e 2 ) 0 

(oi = 02 and Cl = 62 ). 

We obtain 7Wi(e) = ^ ^ UoeB^=(/{) Ue'ee(o) Since, by the induction 

hypothesis, for any o G B^^{R), for any e' G e(o), we have A4i(e') C A4o(e'), we obtain A1i(e) C A4o(e). □ 

Lemma 12 . Let R he a o-PS. Let k > Card{B{R)). For any k-injective pseudo-experiment e of R, for any 
i G N, we have 

• for any 0 , 0 ' G Bq{R), for any e' G e(o'), we have (Vj G Afi(e'))e^(o) ^ {k^}: 

• for any 01,02 G Bq{R), for any ei G e(oi), for any 62 G 6 ( 02 ), we have A4i(ei) riA 4 i(e 2 ) ^ 0 (oi = 

02 and ei = 62 ); 

• if depth{R) < i + 1, then Ali+i(e) = 0; 



. Al.+i(e) = e N; e#(o) = {k^}} U U, 


^oeB^‘+^(-R) Ue'ge(o) -Mi+iie ); 


• and Afi+i(e) C Ali(e). 

Proof. By induction on i. 

If i = 0, then the items hold by Fact [TUI and Lemma fTTl Now, we assume that they hold for some i G N. 
Since Ali+i(e) C Mi{e), we have 

1. for any 0 , 0 ' G Bo{R), for any e' G e(o'), we have (Vj G AIi+i(e'))e^(o) 7 ^ {k^}', 

2. and, for any 01,02 G Bq{R), for any ei G e(oi), for any 62 G 0 ( 02 ), we have Ai i+i(ei) n Ali+i(e 2 ) ^ 
0 ^ (oi = 02 and ei = 62 ). 



Ue'ee(o) ■^i+l(e ) 


Now, we prove, by by induction on depth[R), that: 
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• -^*+2(6) — UogB^*+^(_R){j ^ — {k^}} U UoeB^'+^(_R) Ue'ee(o) •'^1+2(6 ) 

• and Mi+2{e) C M^+l{e). 

We have 

Card {Mi+i{e)) 

= Card (So-*+^(i?)) + ^ ^ Card(X,+i(e')) 

oeB}'+^{R) e'ee(o) 

(by 1. and 2.) 

= Card ^ ^ (mi+i,o(e') + ^ m^+ij(e') • fc-^) 

oeB^‘+^(-R) i6Xi+2(e') 

= Card (6o^*+i(i?)) + ^ ^ (Card (s|*+i(i 3 «(o))) + ^ (e') • fc^) 

®'Se(o) j&Mi+ 2 ie') 

(by the induction hypothesis) 

= Card (So^*+i(i?)) + ^ (Card (So^*+i(Bfl(o))) -Card (e(o))+ ^ ^ m,+i ^ (e') • F) 

e'Ge(o) je7Wi+2(e') 

= Card (6o-*+^(i?)) + ^ Card (6o-*+^(S^i(o))) • Card (e(o)) 

+ X! XI H rn*+ij(e') • F 

ogB|‘+^(fl) e'Ge(o) jGMi+2(e') 

(since, if depth{B}i{o)) = i + 2 and e' € e(o), then A 4 i+2(e') = %)■ 

By the induction hypothesis, for any o € Sy*^^(i?), for any e' G e(o), we have Adi+2(e') C Mi+i(e'), hence, 
by 1. and 2., 

• for any o, o' G Bo{R), for any e' G e(o'), we have (Vj G Afi+2(e'))e^(o) 7^ 

• and, for any 01,02 G Bq{R), for any ei G e(oi), for any 62 G 6(02), we have Afi+2(ei) Cl A^i+2(e2) 7^ 
0 ^ (oi = 02 and ei = 62). 

We obtain 

• mi+i,o(e) = Card 

• and Afi+2(e) = UogB^*+^(/?){■? ^ e'^(o) = {fc''}} U Ue'ee(o) ■'^*+2(6 )• 

Since, by the induction hypothesis, for any o G B^^'^^{R), for any e' G e(o), we have 7V4i+2(e') C Mi+i{e'), 
we obtain Afi+2(e) C Adi+i(e). □ 

Proof of Lemma | 4 ] 

Proof. By induction on depth{R). We have 

M^{e) = y {jGN;e#(o) = {P}}U U U Af,(e') 

oeB^fR) oeB|’+bfl) 

(by Lemma FT^) 

= U {jGN;e#(o) = {F}}U U U U {j G N; P G e'#(o')} 

oGB^fR) oeB^'+^{R) e'ee(o) o'GB^'{B r(o)) 

(by the induction hypothesis) 
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U {ieN;e#(o) = {P}}U IJ (J {j e N; F e e#(o : o')} 

= U {j G N; F e e#(o)}. 

o^B>'(R) 

□ 


B Proof of Proposition [5] 

We prove Proposition [5] through Lemma fTSl 

Definition 18. Let R be a o-PS. For any q G Vo{R), for any i € 'H, we set an^i{q) = agi^ji){q) + 

S oeBffR) ^BR(o){q) 

Qe-PiiBRio)) 

+ EoeB<hfl) <^3rd{{p G Vi{BR{o)fhH{o){p) = q}). 

For any p G V^{Q{R)), for any z G N, we define, by induction on depth{R), a subset B^{p) of B-'^{R): 
we set 

^r\p) = {oi G B^\Ry,p G 

or {p G Vi{BR{oi)) and 03 ^( 01 ),i{p) > 0)} 

U U {oi :o;oGS|;(„^)(p)} 
oi&B^'+\r) 

P^V[{Br{oi)) 

Remark 7. If oi G then im{bR{oi)) = {p G V^(Q{R))\ oi G B^(p)}. 

Lemma 13. Let R be a o-PS. Let k > cosize{R). Let e be a k-injective pseudo-experiment of R. Let 
q G 'Po{R). Let z G N. Then, for any j > 0, we have q G Kik,j{T{e)[i]) if, and only if, there exists o G B^{q) 
such that F G e'^(o). Moreover we have ap(e)[i]{q) mod k = aR^i{q). 

B.l Proof of Lemma 1131 

Fact 14. Let R be a o-PS. Let e be a pseudo-experiment of R. Let p G Vo{R). Let z G N. Ifp ^ V^{R), then 

0‘Tie)[i\{p) = aR.iiP) 

+ ^ Card{{q G Vi{BR{oi))-,bR{oi){q) =p}}) • Card{e{oi)) 

oieB^fR) 

If p € Vf{R), then 

ar(e)[i](p) = aR.iip) 

+ X! Card{{q G Vi{BR{oi))\bR{oi){q) = p}}) • Card{e{oi)) 

oi&B^fR) 

+ H H ar(ei)[i](p) 

oiGBF(-R) '=ies(°i) 
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Proof. For any oi € for any ei € e(oi), we have 

{p e :Pl(S-7-(e)[,]((oi,ei) : o'));&r(e)H((oi>ei) : o'){p) = c} 

= U {P&'PiiBT{er)[i\{o'));br{er)[{\{o'){p) =q} 

q e VliBnio,)) 
bR{oi){p) = c 


hence 


Card {{p e Vi{Br{e)[i]{ioi,ei) : o')); &r(e)[*]((oi, ei) : o')(p) = c}) 

Card ({p e 7’I(Br(ei)[i](o'));&r(ei)[z](o')(p) = g}) 

qeVliBRioi)) 

bR{oi){p) = c 


□ 

Lemma 15. Let R be a o-PS. Let k > cosize{R). Let e be a k-injective pseudo-experiment of R. Let 
p G Vo{R)- Let z G N. Then a'f(^f,)[i]ip) fnad k = aR^i{p). 

Proof. First, notice that 

aR.iiP) ^ «-r(p) < cosize{R) < k (*) 

Now, we prove the statement by induction on depth{R). If depth[R) = 0, then we just apply (*). If 
depth{R) > 0, then, by induction hypothesis, we have 

(EE E «r(ei)[»](?)) mod k 

oieBo-‘(«) ei6e(oi) q g rl{BR{oi)) 
bR{oi){q) =p 

= ( E E E aBR{oi){q)) mod k 

o.&B^fR) ei6e(oi) g g -p^B r{oi)) 

bR{oi){q) =p 

= ( E ( E aBR{o^){q)) ■ Card (e(oi))) mod k 

oiGB^fR) q^'pl{BR{oi)) 
bR{oi){q) =p 

= 0 

hence 

ar{e)[i\{p) mod k = {aR^^{p) 

+ Y Card ({g G 7^i(B/i(oi)); 6K(oi)(g) =p}}) -Card (e{oi)) 

oiGB^fR) 

+ E E E ar(ei)[»](?)) mod k 

ggpf(Sfl(oi)) 
bR{oi){q) =p 

(by Fact\14^ 

= a,R^t{p) 


□ 
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Proof of Lemma I13t 

Proof. By LemmafTSl we already know that ar(e)[i] (?) k = a/jy (g). We prove, by induction on depth[R), 
that, for any j > 0, we have 'mk,j{T(e)[i\){q) > 0 if, and only if, there exists o e B^{q) such that y £ e^(o). 
If depth{R) > 0, then we have 


aT(e)[{\{q) 

= «£!(«) ( 9 ) 

+ ^ Card ({p G Pl(Bfi(oi)); 6fl(oi)(p) = q}) 

+ X! «Br(oi)(9) 

01 G B<\R) 

q G rl{BR{oi)) 

+ X! (Card (e(oi)) ■ Card ({p G Pi(B/j(oi));6fl(oi)(p) = g})) 

+ E. E Or(ei)[i](9) + E E ®T(ei)[i] ( 9 ) 

Oi G «iee(oi) 0iGS|*+^(i?) ®iee(oi) 

g G pf(Sfi(oi)) g G pf(Sjj(oi)) 

= 0 ‘Q(R){q) 

+ ^ (Card {{p G Pl(Si{(oi)); 6i^(ol)(p) = g}) 

oiGS<h-R) 

+ E «Br(oi)(9) 

01 G B<\R) 
q G Vi{BR{o^)) 

+ ^ (Card (e(oi)) ■ Card ({p G Pl(Bi{(oi));&fl(oi)(p) = g})) 

+ E (®(°l)) ■ ^Bnio,){q)) 

01 G S^‘(i?) 
g G Pf(i3fl(0i)) 


+ E (aBB(oi),*(9) • Card (e(oi)) + EE E rnk,j{T{ei)[i\){q) ■ y) 

OiGS|*+^(i?) JGN 

gGPo(^B(oi)) y &ef{o) 

(by Lemma \TS\ and by induction hypothesis) 


□ 

B.2 Proof of Proposition [5] 

Proof. (Sketch) The proof is in four steps, using Lemmas l4l and IT^ 

1. We first prove that, for any in G N \ |0|, for any oi G Br^(R), for any ei G e(oi), we have 
/CG,„(r(ei)[i]) npf(i3ii(oi)) C /Cfe,,„(r(e)[i]). 

2. Second we prove, by induction on depth{R), that 
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• for any j G A/i(e), there exists o G such that G e^(o) and 

- either o G Bq^{R); moreover, in this case, e^(o) = and Af/cj(T(e)[f]) = im(6/j(o)); 

- or there exist oi G and o' G B^'{B^{oi)) such that o = oi : o'; moreover, in 

this case, there exists ei G e(oi) such that j G A/i(ei) and /Cfc ^ (T(e)[z]) = {(oi,ei) : p\ 
p G ICkAnei)[i])\rliBn{o^))} U (/Cfc,,(r(ei)[f]) n iP:(i3^^(ol)’)) U {6i?(oi)(q); q eVn 
P^{Bu{oi)) and ar(ei)[i]( 9 ) < k}l 

• and, for any j > 0 such that ICk,j{T{e)[i]) ^ 0, we have j G Afi(e). 

3. We prove, by induction on depth{R), that, for any o G S^*(T(e)[i + 1]), there exists j G A/i(e) such 
that im(force)[i+i](o)) = /Cfej(T(e)[j]). 

4. Finally we prove, by induction on depth{R), that, for any j G Mi{e), we have !e.i(j) € + 1]). 

□ 


C Rebuilding the boxes: Proposition [16 

Proposition 16. Let R he a o-PS. Let k > Card {B{R )), cosize{R). Let e be a k-injeetive pseudo-experiment 
of R. Let i G N. Let jo G Ni{e). We set T = ‘5r(e)[i](Af/cjo(T(e)[i])). For any T G T, let (mJ)jgN G 
{0,... ,fc — 1}^ such that Card{{T' gT^T' = T}) = '^j^fqrnj ■ kF Let U G T such that, for any T GlA, 
Card{{T' gU\T = T'}) = Then there exists p : Br(e)[i+i](!e.*(jo)) smc/i tfoat &r(e)[i+i](!e,i(jo))('?) 

f S{p)iq) */9 e Po^(Br(e)[^+l](!e,^(jo))); 

l tg{Tie)[i\){G{p)iq)) */? s'P,^(Br(e)[^+l](!e,^(jo)))• 

The proof of Proposition [16] uses Proposition 1191 which justifies that in the algorithm leading from 
T{e)[i] to T(e)[i + 1], for every jo G A/i(e), for every equivalence class T G >5.^(e)[i]("^(e)[*]))/= > if 
Card (T) = • k^ (with 0 < TTij < k), then we remove nijg • k^ elements of T from Q{T{e)[i]). Its 

proof is quite technical, we just state the right induction hypothesis and give some remarks. 

Definition 19. Let R be a o-PS. Let oi G B^''{R). Let k > 1. Let e be a k-injective pseudo-experiment of 
R and let ei G e(oi). Let i G N. Let V C Po(T(ei)[i]). We denote by 'P[R,oi,ei,i]k the following subset of 

PoiTiem): 


P[R, oi,ei,i]k 

= {{oi,e,):p-,pGP\PUBR{o,))}U{PnPUBn{oi))) 

U {bR{oi){q);q G PCiP^BrAi)) and ar(ei)w('?) < k} 

Fact 17. Let S be a differential o-PS. Let V C Po{S) and let Q C P^S) such that 

1. Aw G Wo{S)\P){tg^s){w) GP^ tgi^S){w) G P^S)) 

2. Aw G yVo{S) n Q){tg(s){w) gP ^ tg{S){w) G Q) 

3. and (Voi G Bo{S) nP)im{bs{oi)) C V. 

Then there exists a substructure R of S such that Po{R) = P and R Cq S. 

Proof. We set Q = (W, P, I, t, C, T) and R = {Q, Bq, B, h) with: 

• >V = {n;G>Vo(5)n(P\Q);tp(s)(n;) GP} 

• ^ = ^e(S)|r 

• ^ = A(S)\yo 
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• £ = £(^(5')) n {w e Wo{S);two{S){w) G V} 

• T = Te(s)|^ 

• Bo = Bo{S)nV 

• B = Bs\bo 

• and 5 = 651 g. 

□ 

If the pair {P, Q) satisfies the conditions of the previous fact, then we say that the pair {P, Q) is adequate 
with respect to S and we denote by *51 ( 73,0 the unique substructure R oi S such that Pq{R) = P and 
R Eg S. We have S\-p = .S'jcpj). 

Fact 18. Let R be a o-PS. Let k > 1. Let e be a k-injective pseudo-experiment of R. Let i G N. Let 
oi G B^^{R). Let ei G e(oi). Let P C PQ{J'{ei)[i]) and Q C Po(T{ei)[i]) such that the pair {P,Q) is 
adequate with respect to T{ei)[i]. Then the pair {P[R,oi,ei^i]k, Q[R, oi, ei,i]k) is adequate with respect to 
T{e)[i]. Moreover we have 

• ^ im(bR{oi))\J{{oi,ei) :p-p&P\r{ei)[i\\^)\pf{BR{oi))}\J{{oi,ei) :p;p€ 
'P%Tiei)[i]\j,) nPi{BR{oi)) and ar(ei)[i](£) > k}; 

• = {( 01 , ei) : o;o G So(T(ei)[i] |p)}; 

• and, for any p £P\PI{Br{oi)), ar((oi, Ci) : p) = a 7 -(ei)[i] (p)- 

This fact allows the following definition; 

Definition 20. Let R be a o-PS. Let e be a pseudo-experiment of R. Let G N. Let oi G B^^{R). Let 
ei G e(oi). LetTT r(ei)[i]. We set T[i?, e, £ oi, ei]fc = T(e)[i] . 

Before of the proof of Proposition [T21 notice that the proof of Proposition [S] actually proves something 
more than its statement: it proves also that, for any j G A/i(e) such that !e,i(j) ^ Bq'‘{R), there exist 
oi G and ei G e(oi) such that j G M(ei) and ICk,jiT{e)[i]) = (T(ei)[j])[i?, oi, ei, i]fc. From 

now on, whenever we refer to Proposition [SJ we refer to the statement thus completed. 

Proposition 19. Let R be a o-PS. Let k > Card{B{R )), cosize{R). Let e be a k-injective pseudo-experiment 
ofR. LetieN. LetT eS^^^^^^{{ICkMie)(.ne)[i\),pfiR))). We set 

r = {T' G 5^(,)[,]((/Cfc,A7.(e)(r(e)[i]),P'(i?)));T = T'} 

and 

r = {r G ^ r'} 

Let (TOj)jgN) (w')jgN G {0,...,fc — 1}” such that Card{T) = Card{T') = ' kC 

Then 

• {j G N \ {0}; ruj ^ 0} C Mi{e) 

• {j G N \ {0};to' ^ 0} C M^+i{e) 

• and (Vj G Adi+i(e))m' = mj. 

Moreover, if {T' GP-,T' C I?} 7 ^ 0; then mg = Card{{T' gP;T' C I?}) = fUQ. 

Proof. By induction on depth{R). We distinguish between two cases: 
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1. Ca.se V^{T)\'Po{R) ^ 0: by Proposition^ there exist oi G ei G e(oi) andp' G ^k,jGi{ei){T{ei)\i])\ 

VI^Br^oi)) such that (oi, ei) : p' G V^T). For any T' G T, we set Vt' — {q G Po(T(ei)[i]); (oi, ei) : q 

G Vo(.T')} and 

we haveT' = UT'[R,e,i,oi,ei]k, hence cosize{UT') < cosize{T) < fc; therefore t/y' G '5-^(ej)[i]((^fe,A/'i(ei)(T(ei)[i]),'P*'(-B_f 

• Now, notice that if there exists q G V\Ut) C\V[[Br{oi)) such that q ^ /Cfc_jv.(ei)(T(ei)[j]), then: 

(VT' G T)Ut' G 5|„(„,)((/Cfe,^.(e,)(r(ei)W),Tf(Bfl(oi)))) 

we thus have (VT' G T)T' □ i? and Card (T) < ciR{bji{oi){q)) < fc; we obtain toq = Card ({T' (Z i?; T' = T}) 
and {j G N \ {0}; rrij 7 ^ 0} = 0. In the same way, we have 

(VT' G r)UT> G 5^^(„,)((/Cfc.^.(,,)(r(ei)[z]),Tf(Bfl(oi)))) 

we thus have (VT' G T')T' C R and Card (T') < afl(&fl:(oi)(g)) < k; we obtain TOq = Card ({T' C ii; T' = T}) 
and {j G N \ {0}; m' 7 ^ 0} = 0. 

• Otherwise, for any T' G T, we have V\Ut') = V^Ut), hence Ut' = Ut- So, 

Card (T) = Card ({C/ G 5^(e,)w((^GNde.)('^(ei)W),^'(i3«(oi)))); U = Ut}) 

and 

Card (T') = Card ({C/ G 5^(,^)[,+i]((/Cfc.Ar.(e,)(r(ei)W),Tf(Tfi(oi)))); T = C/t 

We apply the induction hypothesis and we obtain: 

- {j G N \ {0}; TTij 7 ^ 0} C Mi{ei) C Mi{e) 

- {j G N \ {0};m' 7 ^ 0} C Mi+i{ei) C M^+i{e) 

- and (Vj G Mi+i{ei))m} = rrij. 

2. Case T’f(T) \ To(i?) = 0: Let oi G B^\R). We set = {U G C>^{BR{oi));U[R,e,i,oi,ei]k = 

T and Vl{U) 7 ^ 0}. We set m°^ = Card (T^J. We have m°^ < k. Let ei G e(oi). 

Notice that, for any U G Sl}-f^^^-^^^{{]CkXi{er)iTiei)[i]),V\BR{oi)))) such that C/[i?, e, i, oi, ei]fc = T, 
we have U G {T{ei)[i]). 

Now, for any U G C^{T{ei)[i\) such that Vl{U) 7 ^ 0, we have U Z Br{oi). Indeed assume that U G 
C^{T{ei)[i]) such that Vl{U) ^ 0 and Vq{U)\'Po{Br{oi)) 7 ^ 0; let q G Vq{U)\Vo{Br{oi)) and let q' G 
ViiU); there exist po, - ■ -Pn+i G RaiU) such that po = q', Pn+i = q, (Vj G {0,.. ■,n})pj ^Tiei)[{\ Pj+i 
and (Vj G {0,.. ■,n}){pj G V[(U) ^ j G {0,n+ I}). Let jo = max{j G {0,.. .,n};pj G T’o(Bfl(oi))}. 

We have a,BR{oi){Pjo) = ®T(ei)[i](Pio) ^ k > cosize{BR(oi)), which is contradictory. 

We thus obtain Card ({[/ G C^{T{ei)[i])]Vl{U) 7^0 and e, i, oi, ei]fe =T}) = m°C We distin¬ 
guish between two cases: 

• {17 G {T{ei)[i\)-,'P[{U) = 0 and U[R, e, i, Oi, ei]fe = T} = 0: for any j G 7 VIj(ei), we set = 

0 . 

• {C/GC'=(r(ei)[z]);Ti(t/) =0 and U[R,e,i,oi,ei]k =T} ^ 0: let U G C'^{T(ei)\i]) such that 

VliU) = 0 and e, i, oi, ei]k = T; let G {0,... ,k — 1}” such that 

Card ({!/' G 4 (,^)[,j((/Cfc,Ar,(eo('r(ei)W),Tf(i? 7 j(oi))));t 7 ' ^ t/}) = • F 

leN 
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and 


Card ({[/' e 4(e0[*+i]((^fc.M(e0('^(ei)W),^'(5fl(oi))));C/' = C/}) = • F 

jew 

By induction hypothesis, we have 

- {j ^0}CX,(ei) 

- {j ^ 0} C A1.+i(ei) 

- and (Vj € 

For any U £ C^(T(ei)[i]) such that Vl(U) = 0 , we have -^U Q i3fl(oi), hence = 0 = 

and = Card ({T' G T;T' Cl i?}). 

Finally: 

Card ({T' G T; -T' C i?}) 

= Card! U U {c/'G5^(,^)[,]((/Cfc,^,(e,)(r(ei)H),iPf(Bfl(oi))));C/'[i?,e,*,oi,ei]feGr} 

VoiGB^hfl) 

= Card! U U {C/'GC'=(r(ei)H);C/'[i?,e,z,oi,ei]feGr} j 

VoiGB^hfl) eiee(oi) / 

({[/' G C'=(r(ei)[i]);C/'[i?,e,z,oi,ei]fe G T}) 

oieB|*(fl) eiee(oi) 

= 1111 (m°i + Card ({[/'GC'=(r(ei)[i]);[/'[i?,e,i, 01 , ei]fcGr and iPl(C/')=0})) 

oieB^hn) eiee(oi) 

= 1111 H • F) 

oieZ3|^*(-R) J6>li(ei) 

= ^ (m°^ • Card (e(oi)) + ^ ^ • F) 

oieZ3|^d-R) ei6e(oi) jeAli(ei) 
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and 


Card({r' G r';-r' C R}) 
Card 


U U {c/'G5^(eO[m]((^fcXdei)(nei)W),7’'(i?ij(oi))));C/'[i?,e,*,oi,ei]feGr'} 

VoigBg:’+^(fl) eiGe(oi) y 


= Card 


u u {U' € C^{T{ei)[i + 1]); U'[R, e, i, Oi, ei]k G T’] 


\oieB^'+^iR) eiGe(oi) 


^ ^ Card({C/'GC'=(r(ei)[* + l]);C/'[i?,e,z,oi,ei]fc gT'}) 

oiGB^'+^{R) ei6e(oi) 

J2 J2 ^ + 1]); e, *, 01, ei]fe G T' and V[{U') = 0})) 

oi&b}"+^{R) ei6e(oi) 

” " ' F) 




m'- 


ei6e(oi) 


jejMi+i(ei) 


^ (to°i • Card (e(oi)) + ^ ^ 


(oi,ei) 


F) 


oieB|*+^-R) 


eiee(oi) iGA1i+i(ei) 


Therefore {j G N\{0 };TOj 7^ 0} C |Jo^gBg:>(^)({logfe(Card (e(oi))} U Ueiee(oi)-^iCei)) G 7W,(e) and 
{j G N\{0};mG 7^ 0} C ({logfc(Card (e(oi))}UUe,ge(oi) A^*+i(ei)) C X,+i(e). Moreover 


mo = mf) = Card {{T' G r;T' C i?}). Lastly, for any j G X*+i(e), we have m' = EeiGe(oi) EjeMi(ei)' 


Aoi,ei 


□ 


We need a variant of the notion of equivalence denoted by =: 


Definition 21. Let R be a o-PS. Let k > 1. For any k-injective pseudo-experiment e of R, for any f G N, for 
any o G yB|f®(T(e)[* + 1]), for any T' G C*^(-B7-(e)[i+i] (o)), for any o-PS T" such that Vl{T") C >Vo(T(e)[j]), 
we write tp : T' =e,i,o T" if p : T' T” such that {\/q G V^{T'))Q{p){q) = &7-(e)[i+i] (o)(g) and {\/q G 
'PUT'))tg{Tie)[i\)iGip)iq)) = &r(e)[i+i](o)((7) and T' =e,i,o T" if there exists p such that p : T' =e,i,o T". 


Sketch of the proof of Proposition 


Proof. (Sketch) We set W = C^(i?7-(e)[i+i](!e,z(jo)))- Let r : yV/= —>■ W such that, for any V G W/=, 


we have r(V) G V. For any V G W/=, there exist cr(V) G T and pv ■ t(V) ~ o-(V) such that, for any q G 
pf(Sr(e)[.+i](!e..(jo)))nPo(r(V)), wehave5r(e)[,+i](!e..(jo))(<z) = ( ^ ^ ^o^(i3r(e)[.+i](!e.,(jo))); 


tG{T{e)[i\)iG{Pv){q)) if ^,(-Br(e)[»+l](!e,i(jo)))- 
We check the existence of such a{V) and piy) by induction on depth{R): 


In the case !e,i(io) G Bq^{R), for any ei G e(!e,i(jo))j we have r(V) G C^(T(ei)[i]), hence one can set 
cr(V) = r(V)[-R, e,i,!e,j(jo),ei]fc for some ei G e{le,i{jo))- 


In the case !e,i(jo) = (oiFi) -Uipifo) for some Oi G B^^~^^{R) and some ei G e(oi), by induction 
hypothesis, there exists cr'(V) G S^^^^~^^^{JCk,jo{T{ei)[i])) and p'^ : r(V) ~ F(V) such that, for any q G 


ni?r(e)[z+i](!e..(jo)))nPo(r(V)), wehave&r(e.)b+i](!e,..(jo))(<z) - { G vt{Br\tT+tiZifo 


Wesetcr(V) = (T'(V)[i?, e,*, !e,i(jo))ei]fc- Moreover we set (pv)g ■ 
and p(V) = ((pv)g, (p'(V)(o))oeBo(T(V)))- 


Po(r(V)) ^ 
p M- 


Vo{a{V)) 

G(Pv)(p) ifGiPv){p)^ 

(oi,ei) : G{p\;){p) otherwise; 
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We set Uv = {T' €U;T'= cr(V)}. 

Let us show that there exists a bijection ey : V Uv. there exist a partition it of {t/' G T \ 
^TV)[i+i\ {^kMi{e){T{e)[i]))]U' = cr(V)} and a bijection 5 : {\e^i{j)\j G Mi{e) and nj 7 ^ 0} -)• it such 
that, for any j G A/i(e) such that nj ^ 0, we have Card (5(!ey (j))) = Uj ■ y, where nj is the integer 
Card ^{T'G W; T'=e,i,o o'(V)}y We have Card(ljit) = X]je 7 Vi(e) Proposition [151 we have 

Card (IJii) = SjeAti(e) thus have (Vj G Afi{e))nj = 

For any F G V, there exists pv ■ V ~ ev(F) such that, for any q G 'P*'(-B 7 -(e)[i+i](!e,i(jo))) H'Po(F), 

fr, Vll !!!’ We have: tor any VCW,., 

tG{T(e)[i\){G{Pv){q)) */<? G ^.(■Br(e)[i+l](!e,zOo)))- ' 


V(e)[t+l](!e,zOo))(9) = 


there exists pv : Eyev ^ - Eyev^vlP) such that, forany Fi,F 2 G V, 5(PVi) (yi)rTpf (y^) = ^(Pv) [-pt (y,)n-pf (y^; 
^(PiG)|pf(yi)rTPf(Pi)’ {Eyev^;’^ ^ ^/=} and {EyGvev(P);V G >V/=} are gluable; there exists 

P ■ EvGW/=Eyev^ 

^T(e)[i+l] (!e,i(jo))(9) = 


P ■ EvGW/^Eyev^ - EveW/^ Eyev^v(P) such that, for any q G 7^^(5r(e)[i+i](U.^Oo))), we have 

But we have 


Y. T.V = T.^ 

VGW/= yev 


and EvgW/= EyGV^v(P) — EvgW/= E^v — E^- 

D Proposition [8] 

In the sketch of the proof of Proposition [51 we gave the complete formalized algorithm leading from T(e)[i] 
to 'T{e)[i + 1] (up to the names of the ports). We only gave some arguments in favour of its correctness. In 
Section O we already stated Proposition |T51 This proposition is actually used in the proof of Proposition [T51 
and again in Proposition [51 Subsections ID. 11 ID. 21 and ID. 31 give some more arguments in favour of the 
correctness of the algorithm. 

D.l The algorithm is deterministic 

We should show that, if S" is some differential PS that enjoys the conditions given on S' in the proof of 
Proposition 111 then S" = S'. The proof is quite easy but tedious. 

D.2 g(T(eM\,V^Q(T(e)\i+l]) 

As said in its informal description before the statement of the proposition, in order to obtain the differential 
PS T(e)[i + 1], we consider the set UjGM(e)remove some of these elements 
and put some other of these elements inside new boxes. This means in particular that we keep all the ports 
that are not caught by some element of '5.^(e)[i](^fcj (T(e)[i])), what is formally stated by: 

G{T{e)\i]\^V\=g{T{e)[i + l]) 

with 

lP = {pGiPo(r(e)[z + l]);p^ U U Po(r)} 

.eW(e) rG4(g)[,j(/CfeEr(e)[f])) 

It is essentially what Lemma [201 savs. 
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Lemma 20. Let R be a o-PS. Let k > Card{B{R )), cosize{R). Let e be a k-injective pseudo-experiment of 
R. LetiC'N. For any p € VoiT{e)[i])\Vo{T{e)[ithere exist j G Afi{e) and T G S^f^^^^^-^{ICkj{T{e)[i])) 
such that, for any q G Vl{T), we have axiq) < 

Proof. (Sketch) By induction on depth{R): 

If depth{R) = 0, then 'Po(T(e)[i]) \7^o(T(e)[i + 1]) = 0. 

If depth{R) > 0, then we distinguish between two cases: 

• In the case there exist oi G Bq^(R), ei G e(oi) and p' G V{j{T{ei)[i]) \ 'Pl{Bii{oi)) such that p = 

(oi,ei) : p', there exists T G (im(&/{(oi))) such that p G VoiT) and, for any q G Vl{T), we have 

ar(g) < o,ii{q). Now, by Proposition [51 we have im(6fl(oi)) = lCk,j{T{e)[i]) with e^(oi) = {k^}. 

• In the case there exist oi G ei G e(oi) and p' G VoiT{ei)[i]) \ 7’o(T(ei)[i + I]) such that 

p = (oi,ei) : p', by induction hypothesis, there exists j G A/i(ei) and T' G <S^(ei)[i](^fe,i("r(ei)[i])) 
such that p' G Vo{T') \ V\T') and, for any q G 'Po(r'), we have aT'{q) < aBaioi){q)- 

By FactUHl we can set T = T'[i?, e, i, oi, ei]fc. By Proposition [51 we have T 3 (r(e)[i]) 'T{e)[i\. 

Let q G VoiT) \ {{oi,ei) : q';q' G 'Pq{T') \Vl{Bii{oi))}. Notice that q G Vo{R). We have 

ag(T){q) < Card ({w e >Vo(i?);tg(i{)('w) = g}) 

+Card {{p G VI{Br{oi)); bR{oi){p) = q}) 

Futhermore, notice that we have Bq^{R) fl Bo{T) = 0; so we have: 

- if q ^ 'PI{Br{oi)), then 

^ Card ({p e Vi{BT{o));bT{o){p) = q}) 

oeBoiT) 

+ X! aBj.{o){qT,o) 

O G Bo{T) 

ge im(6T(o)|pf(B^(„))) 

= 0 

- if g e 'P[{Br{oi)), then 

^ Card ({p e V[{Bt{o))\ bT{o){p) = g}) 

oeBaiT) 

+ ^ aBT{o){qT,o) 

O G Bo{T) 
q G 

= ^ Card{{p GV[{BT'{o'))\bT'{d){p) = q}) 

o'GSo(T') 

+ X! a-B.^,(o'){qT',o') 

o' G BoiT') 

ge im(6T'(o')|pf(B^,(o'))) 

< ar’ (g) 

< aBR{o^){q) 
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hence, in the two cases, ariq) < «/?(<?)• 

Lastly, let q € V^{T). By Fact[THl we can distinguish between the two following cases: 

— there exists q’ € V^T') \ 'Po{Br{oi)) such that q = (oi,ei) : q': by Proposition [SJ we have 
q € JCkATieM; 

— q € im(&i{(oi)): since, for any q' e ICk,jiT{ei)[i]), we have ar(ei)[i](90 ^ obtain q £ V[{T'), 

hence q £ ^kj(T(ei)[i]); by Proposition [SJ we obtain q £ lCk,j{T{e)[i]). 

□ 


D.3 


UjGAfi(e) ^T{e)[i+l]i^k,j{T{e)[i])) C IJjgAfi(e) ‘^r(e)[i] [*])) 


We said also that we do not add new connected components (the new boxes are never caught by the elements 
of the '^r(e)[z+l] {^k,Mi{e)[T{e)[i]))). It is the content of Lemma [24l 


Fact 21. Let R be a o-PS. Let k > Card{B{R )), cosize{R). Let e be a k-injective pseudo-experiment of R. 
Leti£N. Let T C T(e)[i], T(e)[i + 1]. Let p,p'£'Po{T) such that p p'. Then we have p^xi^e)[i+i\p'- 


Proof. We distinguish between four cases: 


• p£ >Vo(T(e)[i]) and p' = te(r(e)W) (p): we have p' = te(r(e)[*+i]) (p); 

• p' £ Wo(T(e)[i]) and p = te(r(e)[i])(p'): we have p = t6(r(e)[*+i])(p'); 

• {p,p'} £ .4(^(r(e)[i])): we have {p,p'} £ A{g{T{e)[i + 1])); 

• there exists o £ BQ^{T{e)[i]) such that p,p' £ im(67-(e)[j] (o)): by Fact[ 3 l we obtain p p'. 

□ 


Fact 22. Let R be a o-PS. Let k > Card{B{R )), cosize{R). Let e be a k-injective pseudo-experiment of R. 
Leti£N. Let T C 7~(e)[i], T(e)[i +1]. Let p,p'£ Vo{T) such that p p'. Then we have p p' 

or p,p' £ K-k^Mi(e){T{e)[i\). 

Proof. We distinguish between three cases: 

• {p £ Wo(T(e)[i + 1]) and p' = te(r(e)[*+i])( l)) or {p' £ Wo(T'(e)[t + 1]) and p = t 0 (r(e)[i+i])(p')) or 
{p,p'} e A{g{T{e)[i + 1])): we bswe p r^r{e)[i] p'\ 

• there exists o £ S(5'*(T(e)[i + 1]) such that p,p' £ im( 67 -(e)[i+i](o)): by Fact [31 we have p 07 -(e)[j] p'; 

• there exists o £ i3(f®(T(e)[z + 1]) such that p,p' £ im( 67 -(e)[i+i](o)): by Proposition |5l we obtain 
P,P' e 

□ 


Fact 23. Let R be a o-PS. Let k > Card{B{R)), cosize{R). Let e be a k-injective pseudo-experiment of 
R. Let t G N. Let j £ A/i(e). Let T £ 45^(6) [i+i] (^fcd("^(o)[*])) such that depth(T) < i. Then we have 
^fc.M(e)(r(e)W) niPo(T) c ICkAne)\i]). 

Proof. Let p £ h^k,M(e)(' 7 ~(e)[^j) CPoiT). By Proposition |5l there exists o £ S(f®( 7 ~(e)[t + 1 ]) such that 
p £ im(67-(e)[i+i](o)). We have p 07-(g)[i_|_i] o, hence p ^ ^k,j(T(e)[ij) => o G 'Po{T). But, since depth(T) < i, 
we have o ^ Vo{T). □ 

Lemma 24. Let R be a o-PS. Let k > Card{B{R )), cosize{R). Let e be a k-injective pseudo-experiment of 
R. Let i £ N. For any j £ Ni{e), we have S!f^^-^^._^_^{JCkj(Tie)[i])) C 5^(g)[j](/Cfej(T(e)[i])). 
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Proof. (Sketch) Let j G A/i(e)andr G (/Cfcj (T(e)[i])). By assumption we have 7’o(r)\/Cfe_j{T(e)[i]) 7^ 

0 . 

First, notice that depth{T) < i. Indeed, assume that depth{T) = i + 1. Let o G Bq'^{T) = S(f*(T(e)[i + 
1]) n 'Po{T). For any p G 'Po{T) such that o Oy p, we have p G V^{T). Indeed, consider the case o G Bq^{R): 
we have 67 -(e)[j+i](o) = 6 ^( 0 ); by Proposition [SJ we have {q G Vo{T{e)[i])] q G im(&i{(o))} = im( 6 /j(o)) = 
ICk,j{T{e)[i]). This shows that Vo{T) = V\T), which contradicts T G S!f^^-^^._^_^{ICk,jiT{e)[i])). 

Now, using Fact |31 we could easily show that T Cl T{e)[i\. So, by Fact [H] and Fact [531 we have 
T <K.k,i{T{e)[{\) T{e)[i]. Finally, by FactHH we obtain T G >5r(e)[j](^fe.j(T(e)[i])). □ 


E With axioms (Remark [5]) 

With axioms, we need to slightly modify Definition |3 since different experiments can induce the same 
pseudo- experiment: 

Definition 22. Given an experiment e of some differential o-PS R, we define, by induction on depth(R), a 
pseudo-experiment e of R as follows: e(e) = (i?, 1) and 


■4 


e(o) 


< f[e^ {BR{o),i)]-,f & Supp{B{e){o)) andl<i< ^ B(e){o){g) > 

g G Supp{B_{e){o)) 

9 = f 


for any o G Bo{R) 

Notice that, if there is no axiom. Definitions [7] and [55] induce the same pseudo-experiment e for an 
experiment e. 

F Untyped framework (Remark [6]) 

Since there is no type, we define (differential) ground-structures via the auxiliary definition of (differential) 
pre-ground-structures: 

Definition 23. A differential pre-ground-structure is a Q-tuple Q = {yd,V,l,t,C,A), where 

• V is a finite set; the elements of'P{Q) are the ports of Q; 

• Yd is a subset ofV; the elements ofW{Q) are the wires of G; 

• I is a function P —>■ T such that (Vie G Vd)l{w) 7 ^ o; the element l(p) of^Z is the label of p in G; 

• t is a function Yd ^ V such that, for any p €V, we have 

- l(p) G {®,^} ^ Card{{w G Yd;t{w) = p}) = 2; 

- l{p) G {1, T, ax} ^ Card{{w G W; t{w) = p}) = 0; 

if t{w) = p, then w is a premise of p; 

• £ is a subset of {ic G Yd] l(t{w)) G {( 8 >, ^}} such that, for any p gV such that l(p) G j®, ^}, we have 

Card ({w G £] t{w) = p}) = 1; if w G £ such that t(w) = p, we say that w is a left premise of p; 

• and A is a partition of {p G V]l(jp) = ax} such that, for any a G A, Card (a) = 2; the elements of A 

are the axioms of G- 
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set W{g) = W, V{g) ^v,lg = I, tg = t, C{g) = C, A{g) = a and V\g) =V\W. The elements of 
V^{g) are the conclusions of g. 

set V^{g) = {pe V;l{p) = 1}, V^ig) = {p e r-,l{p) = ±}, r'{g) = {pG V;l{p) = !}, v^ig) = 
{p G V; lip) = ?}, v°ig) = {pGV; lip) = o}, V%g) = v'ig) u r\g) u v°ig), v®ig) = {p€V; m = 
v^ig) = {p€V; lip) = and v^ig) = v®ig) u v"^ig). 

A pre-ground-structure is a differential pre-ground-structure g such that imitg) fl i'P'ig) AV°ig)) = 0. 

A differential ground-structure (resp. a ground-structure ) is a differential pre-ground structure (resp. a 
pre-ground structure) g such that the reflexive transitive closure <g of the binary relation < on Vig) defined 
by p < p' iff p = tgip') is antisymmetric. 

For the semantics of PS’s, we are given a set A that does not contain any couple nor any 3-tuple and 
such that * ^ A. We define, by induction on n, the set for any n G N: 

• Da,o = {+) ~} X (yl U {*}) 

• DA,n+l = Da,0 U ({-f, —} X Da.u X Da.u) U ({-f, —} X AifinifDA.n)) 

We set Da = 

Definition [^S] is an adaptation of Definition [S] in an untyped framework. 

Definition 24. For any a G Da, we define a'^ G Da as follows: 

• if a & A and 5 G {-f, —}, then iS, a)-*- = (J-*-, a); 

• if a = ((5, *) with 6 G {-f, —}, then a-^ = (^-*-, *); 

• if a = (<5, oi, 02 ) with S G {+, —} and ai, 02 G Da, then a-*- = (J-*-, ai-*-, a 2 ''‘); 

• if a = i5,[ai,..., am]) with 5 G {-f, —} and ai,..., am G Da, then a-^ = [ofi"*-,..., am"*']); 

where = — and —“*■ = -f. 


Definition 25 . For any differential o-PS R, we define, by induction on depth{R) the set of experiments 
of R: it is is the set of triples (i?, e-p,ee), where e-p is a function Vo{R) —>• Da U and eg is a 

function which associates to every o G BoiR) a finite multiset of experiments of Bn{o) such that 

• for any {p,q} G A{g{R)), we have ep{p) = a, ep{q) = a^ for some a G Da; 

• for any p G 'Pf{R) (resp. p G Vq{R)), for any wi,W2 G >Vo(i?) such that tgi^pfiwi) = p = 
tg{R){w2), wi G C{g{R)) and W2 ^ C{g{R)), we have ep{p) = (-f, e-p(wi), e-p(1^2)) (resp. ep{p) = 
{-,ev{wi),ev(w2))); 


• for any p G Vl{R) (resp. p G Vq{R)), we have ep{p) = (- 1 -,*) (resp. ep{p) = (—,=i=)j; 


for any p G Vq{R), we have e(p) = 


a ifp€V({R); 

(—,a) ifpGV({R); where 
i+,a) ifpeV'oiR); 


a 


i^viw)] + 

w G Wq{R) 
tS{R){w) =p 


E E ( E es{o)ie')-[e’p{q)] + 

0€Bq{R) e'&Supp{ei,{o)) qerl{BR{o)) 

bR{o){q) =p 


E 

q G r({BR{o)) 

bR{o){q) =p 


eB(o)(e')-e'p(g)) 
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For any experiment e = (i?, e^, eg), we set 'P(e) = e-p and B(e) = eg. 

For any differential o-PS R, we set |i?]yi = {7^(e)|pf^^^; e is an experiment of R}. 

Definition 26. Let r G MfiffDA)- We say that r is injective if, for every j € A, there are at most two 
occurrences of j in r. 

For any set V, for any function x : V ^ Da, we say that x is injective */X]pep[^(-P)] injective. 

An experiment e of a differential o-PS S is said to be injective */'^(e) is injective. 

Definition 27. Let a : A —> Da- For any a € Da, we define a • a G Da as follows: 

• if a G AU {*}, then a ■ (+, a) = a{a) and a ■ (—, a) = a{a)-^ ; 

• if 6 G {+, —} and ai,a 2 G Da, then a ■ {6, oi, 02 ) = {S,a ■ ai,a ■ 02 ); 

• if S G {+, -} and ai,... ,am G Da, then a ■ {6, [oi,... , 0 ™]) = {5,[a ■ ai,... ,a ■ am])- 

For any set V, for any function x : 7^ —> Da, we define a function a-x : V —> Da by setting: (a-x)(p) = cr-x(p) 
for any p GV . 

Remark 8 . For any functions a,a' : A ^ Da, for any function x : V -G Da, we have a-{a' -x) = (a-a')-x. 

Definition 28. Let S be a differential o-PS. Let e be an experiment of S. Let a : A ^ Da. We define, by 

induction of depth{S), an experiment a ■ e of S by setting 

• 'P{a ■ e) = a ■ P{e) 

• B{a ■ e)(o) = EeieS«pp(B(e)(oi)) ^(e)(oi)(ei) • [cr • ei] for any oi G Bo{S). 

Since we deal with untyped proof-nets, we cannot assume that the proof-nets are ry-expanded and that 
experiments label the axioms only by atoms. That is why we introduce the notion of atomic experiment: 

Definition 29. For any differential o-PS R, we define, by induction on depth(R), the set of atomic exper¬ 
iments of R: it is the set of experiments e of R such that 

• for any {p,q} G A{G{R)), we have P{e){p),V{e){q) G {-t,-} x A; 

• and, for any oi G Bq{R), the multiset 6(e)(oi) is a multiset of atomic experiments of Bji{oi). 

Fact 25. Let R be a o-PS. Let e be an experiment of R. If e is atomic, then T(e) is atomic. 

Proof. By induction on depth{R). □ 

Definition 30. Let V be a set. Let D C {Da) • Let x GD, we say that x is 2?-atomic if we have 

(Vcr e {DA)^){yy G V){a • y = x ^ (V 7 G At{y))a{-i) G A) 

where At{y) is the set of atoms occurring in im{y). 

We denote by Dai the subset of V consisting of the V-atomic elements ofV. 

For any PS R, any |i?]^-atomic injective point is the result of some atomic experiment of R: 

Fact 26. Let R be a o-PS. Let x G (I 7 ?]y 4 )^t injective. Then there exists an atomic experiment e of R such 
that e^'pf(^f^^ = X. 

Proof. We prove, by induction on {depth{R), Card {Vq{R))) lexicographically ordered, that, for any non- 
atomic injective experiment e' of R, there exist an experiment e of i?, a function a : A ^ Da such that 
a ■ e = e' and 7 G At{e\-pr(^fj^) such that ( 7 ( 7 ) ^ A. □ 
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Figure 15: PS R" 


The converse does not necessarily hold: for some PS’s R, there are results of atomic injective experiments 
of R that are not l-Rj^-atomic. Indeed, consider Figure fTSl There exists an atomic injective experiment e 
of R" such that 

• ^(e)(pi) = (-, [(+, 7 i), ■•■,(+, 77), (+, (+, 78 ), (+, 79)), • ■ •, (+, (+, 722), (+, 723))]), 

• 'P{e){p2) = (-, [(-,71), ■ • ■, (-,77), (-, (-, 78 ), (-,79)),- ■ •, (-, (-,722), (-,723))]) 

• and 'P{e){p 3 ) = (—, [(+, [(+, *), (+, *)]), (+, [(+, *), (+, *), (+, *)])]), 

where {71,... ,723} C A. But is not in (|l?"lA)yid there exists an atomic injective experiment e' 

of R' such that 

• = (—, [(+, 7 i), ■ • ■, (+, 73), (+, (+, 7 io), (+, 7 ii)), • ■ •, (+, (+, 722), (+, 723))]), 

• 'P{e'){p2) = (-, [(-,71), ■ • ■, (-, 78 ), (-, (-,710), (-, 7 ii)),- ■ ■, (-, (-,722), (-,723))]) 

. and P(e')(p3) = (-, [(+, [(+, *), (+, *)]), (+, [(+, *), (+, *), (+, *)])]); 

\ ^ if "y ^ -A \ \"Ts I * 

weseta(7) = | */7 = 78; ’ - we have a • 

But it does not matter, because there are many enough atomic points: 

Fact 27. Let R be a o-PS. For any y S there exist x G ([I^Ia)^^ (ind a : A ^ Da such that a ■ x = y. 

Proof. By induction on [?/(p)]), where size{r) G N is defined for any r G A1^„(Z1a) as follows: 

size{r) = J2aeSupp(r) ^(o^) ' min{f G N;a G Da.i}. if y G [I-RIa)^*, then we can set a; = y and cr = id-A] if 

y i (Ma)a*, then there exist a function a' ■. A ^ Da, y' G |R1a such that a' ■ y' = y and 7 G At{y') such 

that cr'( 7 ) ^ A, hence s72:e(X)pg-pf(/{)[y^(p)]) < 'S*ze(X)pg'pf(/{)[y(p)])- By induction hypothesis, there exist 
X G (IRIa)^* and a" : A —>■ Da such that a” ■ x = y'. We set a = a' ■ cr": we have cr ■ x = {a' ■ cr") • x = 
a' ■ (cr" ■ x) = a' ■ y' = y. □ 
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